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RELATIVISTIC CORRECTIONS TO 
THE SZ EFFECT

RELATIVISTIC THERMAL SZ EFFECT
Rephaeli 1995
Stebbins 1997
Challinor and Lasenby ApJ 1998 May 20
Itoh, Kohyama, and Nozawa ApJ 1998 July 20
RELATIVISTIC KINEMATICAL SZ EFFECT
Nozawa, Itoh, and Kohyama ApJ 1998 November 20
Sazonov and Sunyaev ApJ 1998 November 20
Challinor and Lasenby ApJ 1999 January 10
MULTIPLE SCATTERING CONTRIBUTIONS
Itoh, Kawana, Nozawa, and Kohyama MNRAS 2001 
Dolgov, Hansen, Pastor, and Semikoz ApJ 2001



GENERALIZED KOMPANEETS 
EQUATION

We extend the Kompaneets equation to the 
relativistic regime.
We formulate the kinetic equation for the photon 
distribution function using a covariant formalism 
(Berestetskii, Lifshitz, and Pitaevskii 1982).
As a reference system we choose the system 
that is fixed to the center of mass of the cluster 
of galaxies (which is fixed to the cosmic 
microwave background radiation frame).



BOLTZMANN EQUATION FOR THE 
PHOTON DISTRIBUTION FUNCTION

Time evolution of the photon distribution function is given by

:transition probability for the Compton scattering

:electron four-momenta

:photon four-momenta



RELATIVISTIC MAXWELLIAN 
DISTRIBUTION FOR ELECTRONS

Substituting eq.(2) into eq.(1), we obtain as follows.

where



FOKKER-PLANCK EXPANSION
We assume 

Note



EVALUATION  OF

We evaluate the integral by power series expansions of        .

Strictly speaking ,the expansions are asymptotic expansions.

Challinor & Lasenby (1998) carried out a calculation up to           terms.

We carry out a calculation up to           terms by using the symbolic 
manipulation computer algebra package Mathematica. 

We also carry out a direct numerical integration of the Boltzmann equation.

for



RESULTS BY MATHEMATICA 
CALCULATIONS







SUNYAEV-ZELDOVICH EFFECT
We assume the initial photon distribution of the cosmic microwave 
background radiation to be Planckian with temperature 

Then, the fractional distortion of the photon spectrum is 

:







DISTORTION OF THE SPECTRAL 
INTENSITY



RAYLEIGH-JEANS LIMIT







CROSSOVER FRQUENCY



KINEMATICAL S-Z EFFECT

A cluster of galaxies (CG) is 
moving with a peculiar 
velocity                with respect 
to the cosmic microwave 
background radiation 
(CMBR).    

As a reference system, we 
choose the system which is 
fixed to CMBR. We assume 
that the observer is fixed to 
the CMBR frame. The Z-axis 
is fixed to a line connecting 
the observer and the center 
of mass of CG.  

z

x

y

cluster of galaxies
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LORENTZ-BOOSTED KOMPANEETS EQUATION

The electron distribution functions are Fermi-like in the CG frame. They are 
related to the electron distribution functions in the CMBR frame by

Boltzmann equation in the CMBR frame



KINEMATICAL SZ EFFECT

:angle between the directions of the peculiar velocity of the 
cluster      and the initial photon momentum       which is 
chosen as the positive  Z-axis









RAYLEIGH-JEANS LIMIT





SuZIE EXPERIMENT
Benson et al. 2003  ApJ 592, 674 Te=10 keV, v=500 km/s
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VARIOUS ORDERS OF RELATIVISTIC CORRECTIONS



AT CROSSOVER FRQUENCY
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MULTIPLE SCATTERING 
CONTRIBUTIONS

Itoh,Kawana, Nozawa, Kohyama (2001) 
have calculated the double scattering 
contributions using the relativistic 
expansion up to                 .
Dolgov, Hansen, Pastor, and Semikoz
(2001) have carried out a Monte Carlo
calculation. Their result shows an 
excellent agreement with Itoh et al (2001)
for the case of small optical depth.



MULTIPLE SCATTERING 
CONTRIBUTIONS











Definition of 
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Double Scattering/Single Scattering





angular distance – red shift relation obtained from

SZ effect observations  using H0 = 70 km / s / Mpc



CONCLUSIONS

Relativistic corrections to the thermal,kinematical, and 
polarization SZ effects have been carried out to a 
precision better than 1%.
Validity of the Kompaneets equation has been rigorously 
assessed.
Accurate analytic fitting formulae for the numerical 
results of the thermal SZ effect have been provided.
Multiple scattering effects have been found to be much 
less than 1% for ordinary clusters.
TIME IS RIPE FOR THE PRECISION SZ 
OBSERVATIONS, ESPECIALLY DETECTION OF THE 
KINEMATICAL SZ EFFECT.
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